LINEAR OPERATORS WITH COMPACT SUPPORTS, 
PROBABILITY MEASURES AND MILYUTIN MAPS 



VESKO VALOV 

Abstract. The notion of a regular operator with compact supports between 
function spaces is introduced. On that base we obtain a characterization of 
absolute extensors for 0-dimensional spaces in terms of regular extension op- 
erators having compact supports. Milyutin maps are also considered and it is 
established that some topological properties, like paracompactness, metriz- 
ability and fc-metrizability, are preserved under Milyutin maps. 



1. Introduction 

In this paper we assume that all topological spaces are Tychonoff. The main 
concept is that one of a linear map between function spaces with compact sup- 
ports. Let u: C{X, E) C(Y, E) be a linear map, where C(X, E) is the set of 
all continuous functions from X into a locally convex linear space E. We say that 
u has compact supports if for every y E Y the linear map T{y) : C{X, E) E, 
defined by T{y){h) = u{h){y), h G C{X, E), has a compact support in X. Here, 
the support of a linear map ft: C{X,E) E is the set s(/i) of all x G PX 
such that for every neighborhood ?7 of x in (3X there exists h E C {X, E) with 
{(3h){pX — U) = and 7^ 0. Recall that PX is the Cech-Stone compact- 
ification of X and (3h: f3X j3E the extension of h. Obviously, s(/i) C (3X 
is closed, so compact. When s{n) C X, is said to have a compact support. 
In a similar way we define a linear map with compact supports when consider 
the bounded function sets C*{X,E) and C*{Y,E) (if E is the real line M, we 
simply write C{X) and C*{X)). If all T{y) are regular linear maps, i.e., T{y){h) 
is contained in the closed convex hull convh{X) of h{X) in E, then u is called 
a regular operator. 

Haydon [19] proved that Dugundji spaces introduced by Pelczynski [26] co- 
incides with the absolute extensors for 0-dimensional compact spaces (br., X G 
^£"(0)). Later Chigogidze [10] provided a more general definition of AE{0)- 
spaces in the class of all Tychonoff spaces. The notion of linear operators with 
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compact supports arose from the attempt to find a characterization of AE{0)- 
spaces similar to the Pelczynski definition of Dugundji spaces. Here is this 
characterization (sec Theorems 4.1-4.2). For any space X the following condi- 
tions are equivalent: {{) X is an AE{Q)-space; (ii) for every C -embedding of X 
in a space Y there exists a regular extension operator u: C{X) — >• C{Y) with 
compact supports; {Hi) for every C -embedding of X in a space Y there exists a 
regular extension operator u: C*(X) C*{Y) with com^pact supports; (iv) for 
any C-embedding of X in a space Y and any complete locally convex space E 
there exists a regular extension operator u: C*{X,E) — >• C*{Y,E) with compact 
supports. 

It is easily seen that ^x: C{X, E) C{Y, E) (resp., u: C*{X, E) C*(Y, E)) 
is a regular extension operator with compact supports iff there exists a contin- 
uous map T:Y^ Pc{X,E) (resp., T: Y ^ P*{X,E)) such that T{y) is the 
Dirac measure 6y at y for all y E X. Here, Pc{X,E) (resp., P*{X,E)) is the 
space of all regular linear maps : C{X,E) — > E (resp., : C*{X,E) — > E) 
with compact supports equipped with the pointwisc convergence topology (we 
write Pc{X) and P*{X) when E = M.). Section 2 is devoted to properties of the 
functors Pc and P* (actually, P* is the well known functor Pg [9] of all probabil- 
ity measures on (3X whose supports are contained in X). It appears that Pc{X) 
is homeomorphic to the closed convex hull of ex {X) in R'-^^^^ provided X is 
realcompact, where ex is the standard embedding of X into M.^^^^ (Proposition 
2.4), and Pc{X) is metrizable iff X is a metric compactum (Proposition 2.5(ii)). 

In Section 3 we consider regular averaging operators with compact support 
and Milyutin maps. Milyutin maps between compact spaces were introduced 
by Pelczynski [26] . There are different definitions of Milyutin maps in the non- 
compact case, see [1], [28] and [37]. We say that a surjection f : X ^ Y is a 
Milyutin m,ap if / admits a regular averaging operator u : C{X) — >• C{Y) having 
compact supports. This is equivalent to the existence of a map T -.Y ^ Pc{X) 
such that f~^{y) contains the support of T{y) for all y E Y. It is shown, for 
example, that for every product Y of metric spaces there is a Q- dimensional 
product X of metric spaces and a perfect Milyutin map f : X Y (Corollary 
3.10). Moreover, every p-paracompact space is an image under a perfect Milyutin 
map of a 0- dimensional p-paracompact space (Corollary 3.11). 

In the last Section 5 we prove that some topological properties are preserved 
under Milyutin maps. These properties include paracompactness, collection- 
wise normality, (complete) metrizability, stratifiability, 5-metrizability and k- 
metrizability. In particular, we provide a positive answer to a question of 
Shchepin [31] whether every AE{0) -space is k-metrizable (see Corollary 5.5). 

Some of the result presented here were announced in [33] without proofs. 
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2. Measure spaces 

Everywhere in this section E, F stand for locally convex linear topological 
spaces and C{X, E) is the set of all continuous maps from a space X into E. 
By C*{X, E) we denote the bounded elements of C{X, E) . Let : C{X, E) ^ F 
(resp., C*{X,E) F) be a linear map. The support of fi is defined as the 
set s{fi) (resp., s*{fi)) of all x G (3X such that for every neighborhood U of x 
in (5X there exists / G C{X, E) (resp., / G C*(X, E)) with {(3f){(3X - U) = Q 
and //(/) 7^ 0, see [36]. Obviously, s(//) and «*(//) are closed in I3X, so compact. 
Let us note that in the above definition {f3f){(3X — U) = is equivalent to 
f{X — U) = 0. We also use s*{fi) to denote the support of the restriction 
IJ,\C*{C,E) when is defined on C{X,E) (in this case we have s*{iJ,) C s{iJ,)). 

Lemma 2.1. Let fi be a linear map from C{X, E) [resp., from C*{X, E)) into 

F, where E and F are norm spaces. 

(i) If V a neighborhood of s{fj,) {resp., s*{fj,)), then fi{f) — for every 
f G C{X,E) {resp., f G C*{X,E)) with {(5f){V) = 0. 

(ii) If the restriction ii\C*{X,E) is continuous when C*{X,E) is equipped 
with the uniform, topology, then //(/) = provided f G C{X,E) {resp., 
f G C*{X,E)) and {Pf){s{fij) = {resp., (/3/)(s*(/x)) = 0). 

(iii) In each of the following two cases s{fi) coincides with s*{iJ,): either 
s{n) G X or jj, is a non-negative linear functional on C{X). 

Proof. When is a linear map on C {X, E) , items (i) and (ii) were established 
in [36, Lemma 2.1]; the case when is a linear map on C*{X, E) can be done by 
similar arguments. To prove (ni), we first suppose that s(//) C X. Then s*(/x) 
is the support of the restriction ^\C*{X,E) and s*{ii) C s{ii). So, we need to 
show that s{^) C s*{fi). For a given point x G s{fi) and its neighborhood U 
in f3X there exists g G C{X,E) with g{X — U) = and fi{g) ^ 0. Because 
g{s{ii)) C E is compact, we can find e > such that s{n) is contained in 
the set W — {y e X : \\g{y)\\ < e}, where ||.|| denotes the norm in E. Let 
= {z ^ E : \\z\ \ < e} and r: E ^ B^he a retraction (i.e., a continuous map 
with r{z) = z for every z G B^). Then h{y) = g{y) for every y G W ^ where 
h = ro g. Hence, choosing an open set V in (3X such that V (IX = W, we have 
{f3{h — g)){V) = 0. Since F is a neighborhood of s(/i), by (i), fx{h) = fx{g) ^ 0. 
Therefore, we found a map h G C*{X,E) such that f3h{pX — U) — and 
IJ,{h) ^ 0. This means that x G s*(/x). So, s(/x) = s*(/x). 

Now, let £■ = F = R and be a non- negative hnear functional on C{X). 
Suppose there exists x G s(/i) but x ^ s*{fj,). Then, for some neighborhood U 
of X in PX, we have 



(1) fx{h) = for every h G C*{X) with h{X - [/) = 0. 
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Since x G s{ii), there exists / e C{X) such that f{X — U) = Q and 7^ 0. 
Now, we use an idea from [21, proof of Theorem 1]. We represent / as the 
sum + where /"*" = max{/, 0} and /~ = min{/, 0}. Since both 
and are outside U and = + f^if^) 7^ imphes that at least 

one of the numbers iJ^if^) and lJ>{f~) is not 0, we can assume that / > 0. By 

(1) , / is not bounded. Therefore, there is a sequence {xn} C X such that 
{tn = f{xn) : n > 1} is an increasing and unbounded sequence. We set to = 
and for every n > 1 define the function G C*{X) as follows: fn{x) = if 

f{x) < tn-l, fn{x) = f{x) - tn-1 if tn-1 < f{x) < and fn{,x) = t„ - t^-l 

00 

provided f{x) > tn- Let also hn — tn- fn a-nd h — Then h is continuous 

n=l 

and for every n > 1 we have 

(2) tnif - /l - /2 - ... - fn) <h-hi- h2 - ... - K. 

Since all and hn are bounded and continuous functions satisfying fn{X — 
U) = hn{X - f/) = 0, it follows from (1) that ^{K) = n{fn) = 0, n > 1. So, 
by (2), tn • fJ^if) < for every n. Hence, ii{f) ~ which is a contradiction. 
Therefore, s(^) = s*{iJ,). □ 

We say that a linear map on C{X,E) (resp., on C*{X,E)) has a compact 
support if s(/x) C X (resp., s*{ix) C X). li /j, takes values in E, then it is called 
regular provided belongs to the closure of the convex hull conv f{X) of 
/(X) for every / G C{X,E) (resp., / G C*(X,^)). Below, Ck{X,E) (resp., 
C^(X, i?)) stands for the space C{X,E) (resp. C*{X,E)) with the compact- 
open topology- 
Proposition 2.2. Let E be a norm space. A regular linear map fi on C{X,E) 
{resp., C*{X, E)) has a compact support in X if and only if n is continuous on 
CkiX,E) {resp.,C;iX,E)). 

Proof. We consider only the case when is a map on C (X, E) , the other one 
is similar. Suppose s(/i) — H d X. Since 11 is regular, /i,(/) G conv f{X) for 
every / G CiX,E). This yields Mf)\\ < ||/||, / G C*iX,E). Hence, the 
restriction fi\C*{X,E) is continuous with respect to the uniform topology. So, 
by Lemma 2.1(ii), for every / G C{X,E) the value /i(/) depends only on the 
restriction f\H. Therefore, the linear map i>: C{H, E) — > E, v[g) = iJ.{g), where 
g G C{X, E) is any continuous extension of g, is well defined. Note that such an 
extension 'g always exists because H <Z X is compact. Moreover, the restriction 
map TiH '■ C}t{X, E) — * Ck{H, E) is surjective and continuous. Since fi = u o ttj^, 
H would be continuous provided z/: Ck{H,E) ^ E is so. Next claim implies 
that for every g G C{H, E) we have v{g) G conv g{H) and ||z^(5')|| < \ \g\\-i which 
guarantee the continuity of v. 
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Claim 1. e conv f{H) for every f G C{X, E) 

Indeed, if //(/) ^ conf f{H) for some / e C{X,E), then we can find a 
closed convex neighborhood of conv f{H) in and a function /i G C(X, _E) 
such that ^(/) ^ W^, C and h{x) = f{x) for all x e H. As it was 

shown above, the last equality implies = Hence, = e 

conv h{X) C ly, which is a contradiction. 

Now, suppose /i: Ck{X,E) E is continuous. Then there exists a compact 
set K C X and e > such that < 1 for every / E C(X,E) with 

sup{| |/(a;)| I : x G K} < e. We claim that s(/x) C K. Indeed, otherwise there 
would be a; G s{jj,) — K, a neighborhood U of x in PX with U (1 K — 0, and a 
function g G C{X, E) such that g{X — U) — and ^{g) ^ 0. Choose an integer 
k with ||/i(/c(7)|| > 1. On the other hand, kg{x) — for every x E K. Hence, 
||/i(A;5f)|| < 1, a contradiction. □ 

Now, for every space X and a locally convex space E let Pc{X,E) (resp., 
P*{X,E)) denote the set of all regular linear maps /i: C{X,E) — >• E (resp., 
/i: C*{X, E) E) with compact supports equipped with the weak (i.e. point- 
wise) topology with respect to C{X^E) (resp., C*{X. E)). \i E is the real line, 
we write P^{X) (resp., P*{X)) instead oiP^{X,M) (resp., P^*(X,M)). It is easily 
seen that a linear map ii: C{X) — >• M (resp., ii: C*{X) — >• M) is regular if and 
only if 11 is non-negative and /x(l) = l. If/i:X— >yisa continuous map, then 
there exists a map Pc{h): Pc{X) P^{Y) defined by Pc{h){ix){f) = //(/ o h), 
where ji G Pc{X) and / G C{Y). Considering functions / G C*{Y) in the 
above formula, we can define a map P*{h): P*{X) PcO^)- It is easily 
seen that s{Pc{h){fi)) C h{s{fi)) (resp., s*{P*{h){ii)) C /i(s*(/i))) for every 
II G Pc{X) (resp., n G P*{X)). Moreover, Pc(^2 o ^i) = ^0(^2) « Pc(/ii) and 
Pc(^2 o hi) = P*{h2) o P;(/ti) for any two maps hi: X ^ Y axid Y ^ Z . 
Therefore, both Pc and P* are covariant functors in the category of all TychonofF 
spaces and continuous maps. Let us also note that if X is compact then Pc{X) 
and Pc{X) coincide with the space P{X) of all probability measures on X. 

For every x E X -we consider the Dirac's measure 5^ E Pc{X, E) defined by 
= fix), f e C{X,E). In a similar way we define 5* G P*{X,E). We 
also consider the maps ix' X ^ Pc{X, E), ix{x) = Sx, and ix'- X ^ Pci-^, P^)i 
ix{x) = 6*. Next proposition is an easy exercise. 

Proposition 2.3. Let h: X Ybe a map. 

(i) The mapix '■ X PciX) is a closed C -embedding, andi*x : X Pci^) 
is a closed C* -embedding; 

(ii) The map Pc{h) is a {closed) C -embedding provided h is a (closed) C- 
embedding; 



6 



V. Valov 



(iii) The map Pc{h) is a (closed) C* -embedding provided h is a (closed) C*- 
embedding. 

There exists a natural embedding ex - X ^ R^^-^), ex(x) = (/(a;))/ec(x)- 
Denote by M'^(X) the set of all regular hnear functionals on C(X) with the 
pointwise topology and consider the map mx- M+(C) Mf'^^^ mx(l^) = 
(n(f)) f(zc{x)- It easily seen that mx is also an embedding extending and 
mx(M+(X)) is a closed convex subset of M^(^). Moreover, Pc(X) C M+(X). 
It is well known that for compact X the space P(X) is homeomorphic with the 
convex closed hull of ex(X) in R'^(^). A similar fact is true for Pc(X). 

Proposition 2.4. If X is realcompact, then Pc(X) is homeomorphic to the 
closed convex hull of ex (X) in R^^^^ . 

Proof. Obviously, mx(Pc(X)) is a convex subset of R^*^^) containing the set 
conv ex(X). It suffices to show that mx(Pc(X)) coincides with the set B — 
conv ex(X). Suppose fi G Pc(X). By Lemma 2.1(ii) and Proposition 2.2, for 
every / G C(X) the value fj,(f) is determined by the restriction f\s(fi). So, there 
exists an element u G P(s(ii)) such that = / G C(X) (see the 

proof of Proposition 2.2). Since the set P/(s(//)) of all measures from P(s(//)) 
having finite supports is dense in P(s(/x)) [17], there is a net {z/ajagA C Pf(s(ii)) 
converging to u in P(s(fi)). Each z/„ can be identified with the measure /i^ G 
Pc(X) defined by fia(f) = i^a(f\s(fJ^j), f e C(X). Moreover, the net {/XajaeA 
converges to fj, in Pc(X). Then {mx(fJ^a)}aeA C conv ex(X) and converges to 
mx(lJi) in R*-^*^^). So, mx(lji) £ B. In this way we obtained mx(Pc(X)) C B. 

On the other hand, since mx(M^(X)) is a closed and convex subset of R'^^'''-) 
containing ex(X)^ B C mx(M^(X)). So, the elements of B are of the form 
mx(fJ^) with n being a regular linear functional on C(X). Since X is real- 
compact, according to [21, Theorem 18], any such a functional has a compact 
support in X. Therefore, B C mx(Pc(X)). □ 

There exists a natural continuous map jx '■ Pc(X) — > P*(X) assigning to 
each G Pc(X) the measure u = fi\C*(X). By Lemma 2.1 and Proposition 2.2, 
s(fi) = s*(i') and fi(f) and i'(g) depend, respectively, on the restrictions f\s(fi) 
and g\s*(i') for all / G C(X) and g G C*(X). This implies that jx is one-to-one. 
Using again Lemma 2.1 and Proposition 2.2, one can show that jx is surjective. 
According to next proposition, jx is not always a homeomorphism. 

A subset A of a space X is said to be bounded if f(A) C R is bounded for 
every / G C(X). This notion should be distinguished from the notion of a 
bounded set in a linear topological space. 

Proposition 2.5. For a given space X we have: 

(i) The map jx is a homeomorphism if and only if X is pseudocompact; 

(ii) Pc(X) is metrizable if and only if X is compact and metrizable. 
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Proof, (i) Obviously, if X is pseudocompact, then C{X) = C*{X) and jx is the 
identity on Pc{X). Suppose X is not pseudocompact and choose g e C{X) and 
a discrete countable set {x{n) : n > 1} in X such that {g{x{'n)) : n > 1} is 
unbounded and discrete in M. For every n >2 define the measures e Pc{^) 

n+l 

and i/„ e -P* (^) ^ follows: //i = = + 

fe=2 

n+l 

and = i/„ = (1 - l/n)5*(i) + Obviously, jxil^n) = 

for all n > 1 and s{fin) = s*{i'n) = {x{l),x{2), ..,x{n + 1)}, n > 2. So, 
fl'(U^i •s(/^n)) is unbounded in M. This, according to [35, Proposition 3.1] (sec 
also [3]), means that the sequence {//n}n>i is not compact. On the other hand, 
it is easily seen that {un}n>2 converges in P*{X) to ui. Consequently, jx is not 
a homeomorphism. 

(ii) First we prove that Pc(N) is not metrizable, where N is the set of the 
integers n > 1 with the discrete topology. For every n > 1 let K{n) — 
Pc{{l,2, ..,n}). Obviously, every K(n) is homeomorphic to a simplex of di- 
mension n — 1 and K{n) C K{m) for n < m. Moreover, Pc(I*^) — Un>i K[n). 

Claim 2. Pc{N) is nowhere locally compact. 

Indeed, otherwise there would be /i. G -Pc(I^) and its open neighborhood 0{fi) 
in Pc(N) with 0(/i) being compact. Then, by [35, Proposition 3.1], S = U{s{u) : 

e 0(/x)} is a bounded subset of N. Hence, S' C {1, 2, for some p > 1. The 
last inclusion means that 0{fi) C K{p), so dimO(/i) < p — 1. Therefore, 0{fi) 
being open in Pc(N) is also open in each K{n), n > p. Since every open subset 
of K{n) is of dimension n — 1, we obtain that dim > p — 1, a contradiction. 

Now, suppose Pc(N) is metrizable and fix // e -Pc(N). Since Pc(N) is nowhere 
locally compact and K[n), n > 1, are compact, U{fi) — Kin) ^ for all n > 1 
and all neighborhoods U{^) C Pc(N) of yU. Using the last condition and the 
fact that n has a countable local base (as a point in a metrizable space), we can 
construct a sequence {/i„}n>i converging to in Pc(N) such that /x„ ^ K{n) 
for all n. Consequently, s(/x„) ^ {1,2, ..,n}, n > 1. To obtain a contradiction, 
we apply again [35, Proposition 3.1] to conclude that s(yu) U IJn>i ■^(a*") ^ 
bounded subset of N because {/i, /in : n > 1} is a compact subset of Pc(N). 
Therefore, Pc(f^) is not metrizable. 

Let us complete the proof of (n). If X is compact metrizable, then Pc{X) 
is metrizable (see, for example [17]). Suppose Pc{X) is metrizable. Then, 
by Proposition 2.3(i), X is also metrizable. If X is not compact, it should 
contain a C-embedded copy of N and, according to Proposition 2.3(ii), Pc(^) 
should contain a copy of Pc(N). So, Pc(N) would be also metrizable, which 
is not possible. Therefore, X is compact and metrizable provided Pc(X) is 
metrizable. □ 
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Proposition 2.6. If one of the spaces Pc{X) and P*{X) is Cech- complete, then 
X is pseudocompact. 

Proof. We prove first that non of the spaces Pc(N) and -Pc* (^) Cech-complete. 
Indeed, suppose Pc(N) is Cech-complete. Since Pc{N) is Lindelof (as the union 

of the compact sets K{n) = Pc{{l,2, ...n})), it is a p-paracompact in the sense 
of Arhangcl'skii [2]. So, there exists a perfect map g from Pc(I^) onto a separable 
metric space Z. Then the diagonal product q = gAjf^: Z x P^l^) perfect 
(because g is perfect) and one-to-one (because is one-to-one). Thus, g is a 
homeomorphism. Since -P^ (N) is second countable [9], Z x P*{^) is mctrizable. 
Consequently, Pc(N) is metrizable, a contradiction (see Proposition 2.5(11)). 

Suppose now that P,,* (^) Cech-complete, so it is a Polish space. Since 
P*{N) is the union of the compact sets K*{ri) ^ P*{{1,2, ..,n}), n > 1, there 
exists m > 1 such that K*{m) has a non-empty interior. Then K{m) — 
Pc({li 2, .., m\) has a non-empty interior in Pc(N) because K{m) — j^^ {K* (m)) . 
According to Claim 2, this is again a contradiction. 

If X is not pseudocompact, there exists a function g G C{X) and a discrete 
set A — {xn : n > 1} in X such that g{xn) 7^ g{xm) for n 7^ m and g{A) is a 
discrete unbounded subset of M. Since g{A) is C-cmbedded in M, it follows that 
A is also C-embedded in X. So, A is a C-embedded copy of N in X. Then, by 
Proposition 2.3, Pc{X) contains a closed copy of Pc(N) and Pc{X) contains a 
closed copy of Pc* (N). Since non of Pc(N) and Pc* (N) is Cech-complete, non of 
Pc{X) and P*{X) can be Cech-complete. This completes the proof. □ 

We say that an inverse system S = {Xa,pp, A} is factorizing [11] if for every 
h G C{X), where X is the limit space of 5*, there exists a E A and h^ G C{Xa) 
with h = ha opa- Here, p^' X ^ X^ is the a-th limit projection. According to 
[9], P* is a continuous functor, i.e. for every factorizing inverse system S the 
space P*{limS) is the limit of the inverse system P*{S) = {P*{Xa), Pc*(p^), A}. 
The same is true for the functor Pc. 

Proposition 2.7. Pc is a continuous functor. 

Proof. Let S = {Xa,Pp, A} be a factorizing inverse system with a limit space 
X and let : o; G ^} be a thread of the system Pc{S). For every a E A we 
consider the measure = ixSl^a)- Here, jx^ '■ Pc(-^a) — * Pci^a) is the one- 
to-one surjection defined above. It is easily seen that : a G A} is a thread 
of the system Pc*(>S'), so it determines a unique measure u G P^iX) (recall that 
P* is a continuous functor). There exists a unique measure ji G Pc{X) with 
jxi/J') — ^- One can show that Pc{pa)ilJ') = fJ'a for all a. Hence, the set Pc{X) 
coincides with the limit set of the system Pc{S). It remains to show that for 
every /x" G Pc{X) and its neighborhood U in Pc{X) there exists a E A and 
a neighborhood V of /i^ = Pc(pa)(/) in Pc{Xa) such that Pc(Pa)"H^) ^ U. 
We can suppose that U — {/j, E Pc{X) : |//(/ii) — //°(/ii)| < €,i — 1,2, 
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for some e > and hi G C(X), i = l,2,..,k. Since S is factorizing, we can 
find a & A and functions Qi e C{Xa) such that hi — Qi o ior all i — 1, .., k. 
Then V = {fi^ ^ ^c(^a) : l/J-aigi) - IJ'l{9i)\ < e,i ^ 1,2, is the required 
neighborhood of . □ 



3. MiLYUTIN MAPS AND LINEAR OPERATORS WITH COMPACT SUPPORTS 

For every hnear operator u : C{X, E) — > C{Y, E), where E is a locally convex 
hnear space, and y & Y there exists a hnear map T{y) : C(X, E) ^ E defined by 
T'{y){g) — u{g){y), g e C{X, E). We say that u has compact supports (resp., u is 
regular) if each T{y) has a compact support in X (resp., each T{y) is regular). In 
a similar way we define a linear operator with compact supports if u : C{X, E) 
C*{Y,E)) (resp., u: C*{X,E) C*{Y,E) or m: C*{X,E) C{Y,E))). Let us 
note that a linear map u : C{X, E) C{Y, E) (resp., u : C*{X, E) C*{Y, E)) 
is regular and has compact supports iff the formula 

(3) T{y){g) = u{g){y) with g e CiX,E) (resp., g G C*iX,E)) 

produces a continuous map T:Y^ Pc{X,E) (resp., T:Y^ P*{X,E)). If 
/: X ^ y is a surjective map, then a liner operator u: C{X,E) — >■ C{Y,E) 
(resp., u: C*{X,E) C*(Y,E)) is called an averaging operator for f if u{ip o 
f) = (p for every (p e C{Y,E) (resp., (p e C*{Y,E)). It is easily seen that 
u: C{X,E) C{Y,E) (resp., u: C*{X,E) C*{Y,E)) is a regular averaging 
operator for / with compact supports if and only if the map T: Y ^ Pc{X, E) 
(resp., T: Y ^ P*{X,E)) defined by (3), has the following property: the sup- 
port of every T{y), y eY, is contained in /~^(|/). Such a map T will be called a 
map associated with f. It is also clear that if T: y — > Pc{X, E) (resp., T: y — > 
P*{X, E)) is a map associated with /, then the equality (3) defines a regular 
averaging operator m: C{X, E) C(r, E) (resp., u: C*{X, E) C*{Y, E)) for 
/ with compact supports. 

A surjective map f : X — > y is said to be Milyutin if / admits a regu- 
lar averaging operator u: C{X) —>■ C(Y) with compact supports, or equiva- 
lently, there exists a map T: Y ^ Pc{X) associated with /. A surjective map 
/: X — s> y is called weakly Milyutin (resp., strongly Milyutin) if there exists a 
map T: y ^ P*{X) (resp., T: Pc{Y) P^X)) such that s*{g{y)) C f~\y) 
for all y eY (resp., s[g{n)) C /~^(s(/i)) for all fu, G Pc{Y)). Obviously, every 
strongly Milyutin map is Milyutin. Moreover, if T: y — > Pc{X) is a map asso- 
ciated with /, then the map jx ° T: Y ^ P*{X) is witnessing that Milyutin 
maps are weakly Milyutin. One can also show that if /: X — > y is weakly 
Milyutin, then its Cech-Stone extension /?/ : (3X —>■ (3Y is a Milyutin map. 

We are going to establish some properties of (weakly) Milyutin maps. 
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Proposition 3.1. Let f : X ^ Y be a weakly Milyutin map and E a complete 
locally convex space. Then f admits a regular averaging operator u: C*{X, E) — > 
C*(y, E) with compact supports. 

Proof. Let T:Y ^ Pci^) be a map associated with /. For every g e C*{X, E) 
let B{g) = conv g{X) and consider the map P*{g): P2{X) P*{B{g)). Since 
B{g) is a closed and bounded in E and E is complete, by [5, Theorem 3.4 and 
Proposition 3.10], there exists a continuous map h: P*{B{g)) — > B{g) assigning 
to each measure its barycenter. The composition e{g) — bo P*{g) : P*{X) — > E 
is a continuous extension of g (we consider X as a subset of P*{X)). Now, 
we define u: C*{X,E) C*(Y,E) by u{g) = e{g) o T. This a linear operator 
because e{g){ii) = gdfi for every G P*{X). Since e{g) is a map from Pc{X) 
into B{f), the linear map A{y): C*{X,E) — »■ E, A{y){g) = u{g){y), is regular 
for all y eY. 

So, it remains to show that the support of each A{y) is compact and it is 
contained in f^^{y). Because T is associated with /, K{y) = s*{T{y)) is a 
compact subset of f^^{y), y eY. We are going to show that if h\K{y) = g\K{y) 
with h,g e C*{X,E), then A{y){h) = A{y){g). That would imply the support 
of A[y) is contained in K{y) C f~^{y), and hence it should be compact. To 
this end, observe that T{y) can be considered as an element of P{K{y)) - the 
probability measures on K{y). So, T{y) is the limit of a net {Ha} C P{K{y)) 

k{a) 

consisting of measures with finite supports. Each jjt,a is of the form A"5*a , 

i=l 

where e K{,y) and A" are positive reals with Ym=i K = 1- Then {e{g){iJ,a)} 
converges to e{g){T{y)) and {e{h){na)} converges to e{h){T{y)). On the other 
hand, e{h){f,^) = J^hd^o. = E-LI KH^f) and e{g){pi^) = Af5(xf). 
Since h\K{y) = g\K{y), h{x") = g{xf) for all a and i. Hence, e{h){T{y)) — 
e{g){T{y)) which means that A{y){h) = A{y){g). Therefore, w is a regular 
averaging operator for / and has compact supports. □ 

Corollary 3.2. Let X be a complete bounded convex subset of a locally convex 
space and f: X ^ Y be a weakly Milyutin map such that f~^{y) is convex for 
every y & Y. Then there exists a map g: Y ^ X such that g{y) e f~^{y) for 
all y eY. 

Proof. Let T: Y ^ Pci-^) be a map associated with /. By [5, Proposition 
3.10], the barycenter b{fi) of each measure fi G P*{X) belongs to X and the 
map b: P*{X) ^ X is continuous. Since the support of each T(y), y E Y, is 

compact subset of f^^{y) and conv s*(T{y)) C f^^iy) (recall that f^^{y) is 
convex), b{T{y)) G f~'^{y). So, the map = 6 o T is as required. □ 

Recall that a set- valued map X — > y is lower semi-continuous (br., Isc) if 
for every open U CY the set $~^(C/) = {x G X : $(x) n C/ 7^ 0} is open in X. 
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Lemma 3.3. For every space X and a linear space E the set-valued map 
$x: Pc{X,E) ^ X, {resp., P:(X,E) ^ X) defined by ^x{^i) = s(ii), 
(resp.j^xil^) — '5* (a*)) ^^e. 

Proof. A similar statement was established in [4, Lemma 1.2.7], so we omit the 
arguments. □ 

Proposition 3.4. Let f:X^Y be a weakly Milyutin map. Then we have: 

(i) /?/ : PX (3Y is a Milyutin map; 

(ii) f is a Milyutin map provided f is perfect. 

Proof. Let T: Y ^ P*{X) be a map associated with /. To prove (i), observe 
that P*{i) : Pci^) Pc{(^X) is an embedding, where i : X ^ (3X is the 
standard embedding (see Proposition 2.3(iii)). Because Pc{(3X) = P{PX) is 
compact, we can extend T to a map T: PY — > P{PX). It suffices to show 
that T is a map associated with Pf. To this end, consider the Isc map $ = 
Pf o ^i3x °T: PY ^ PY. Since $ is Isc and =y for all y eY, ^{y) = y 
for any y G PY. This means that the support of any T{y), y e PY, is contained 
in {Pf)~^{y). So, Pf is a Milyutin map. 

The proof of (ii) follows from (i) and the following result of Choban [12, 
Proposition 1.1]: if Pf admits a regular averaging operator and / is perfect, 
then / admits a regular averaging operator u: C{X) C{Y) such that 

mf{h{x) : X e f-\y)} < u{h){y) < sup{/i(x) : x e f-\y)} 

for every h G C{X) and y E Y. This implies that the support of each linear 
map T{y): C{X) M., y E Y , defined by (3), is contained in f^^{y). Hence, 
s(T(|/)) is compact because so is f~^{y) (recall that / is perfect). Therefore, / 
is a Milyutin map. □ 

Proposition 3.5. Let f : X ^ Y be a Milyutin map. Then, in each of the 
following cases f is strongly Milyutin: {i) f~^{K) is compact for every compact 
set K C Y ; [ii) every closed and bounded subset of X is compact. 

Proof. Let u: C{X) — > C{Y), u{h){y) — g{y){h), be a corresponding regular 
averaging operator with compact supports, where g:Y ^ Pc{X) is a map 
associated with /. We are going to extend g to a. map g: PciY) — > Pc{.X) 
such that s{g{n)) C f-^{s{^)) for aU n G Pc{Y)). Let G Pc{Y) and K = 
s{ii) C Y. Then g{K) is a compact subset of Pc{X). Hence, by [35, Proposition 
3.1], H — U{s(g'(y)) : y G K} is a bounded and closed subset of X. Since 
s[g{y)) C f~^{y) for all y G F, C f^^{K). So, in each of the cases (i) 
and (ii), H is compact. Define ^(/x): C{X) ^ M to be the linear functional 
g{li){h) = iJ,{u{h)), h G C{X). One can check that g{ii){h) = provided 
h{H) = 0. This means that the support of g{iJ,) is a compact subset of H, 
so g{ijL) G Pc{X). Moreover, g, considered as a map from Pc{Y) to Pc{X) 
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is continuous and satisfies the inclusions s(^g{fj.)) C / ii G -Pc(^)- 

Therefore, / is strongly Milyutin. □ 

A map f:X Y is said to be 0-invertible [20] if for any space Z with 
dimZ = and any map p: Z ^ Y there exists a map q: Z ^ X such that 
f o q = p. Here, dimZ = means that dim f3Z = 0. We say that f: X ^ Y 
has a metrizable kernel if there exists a metrizable space M and an embedding 
X <zY X M such that t^y\X — /, where Try : y x M — > y is the projection. 

Next theorem is a generahzation of [13, Theorem 3.4] and [20, Corollary 1]. 

Theorem 3.6. Let f: X ^ Y be a surjection with a metrizable kernel and Y 
a paracompact space. Then the following conditions are equivalent: 

(i) / is {weakly) Milyutin; 

(ii) The set-valued map : Y ^ X admits a Isc compact-valued selection; 

(iii) / is 0-invertible. 

Proof, (i) =>■ (ii) Let / be weakly Milyutin and T: Y ^ P*{X) is a map 
associated with /. By Lemma 3.3, the map $3s:- Pci-^) X is Isc, so is the 
map o T. Moreover, ^*x{T{y)) = s*{T{y)) C f-^{y) for all y eY. Hence, 
o T is a compact- valued selection of f~^. 

(ii) =^ (Hi) Suppose M is a metrizable space such that X G Y x M and 
7:y\X = f. Suppose also that f~^ admits a compact- valued Isc selection $: F — > 
X. To show that / is 0-invertible, take a map p: Z — > F with dimZ = 0, and 
let Zi — {Pp)~^(Y). Then Zi is paracompact (as a perfect preimage of Y) 
and dimZi = because f3Zi = f3Z is 0-dimensional. The set-valued map 
ttm o $ o Pi : Zi — * M is Isc and compact-valued, where hm'- Y x M M 
is the projection and pi = {Pp)\Zi. According to [23], ttm o ^ o pi admits a 
(single- valued) continuous selection q^: Zi ^ M. Finally, the map q: Z ^ X, 
q{z) — {p{z), qi{z)) is the required lifting of p, i.e. f o q = p. 

(Hi) =^ (i) By [28], there exists a perfect weakly Milyutin map p: Z ^ Y 
with Z being a 0-dimensional paracompact. Then, by Proposition 3.4(ii), p is a 
Milyutin map. Since / is 0-invertible, there exists a map g: Z ^ X with fog — 
p. If T: y ^ Pc{Z) is a map associated with p, then f = Pc{g)oT: Y Pc{X) 
is a map associated with / because s(T{y)) C g{p~^{y)) C f~^{y) for all y eY. 
Hence, / is a Milyutin map. □ 

Corollary 3.7. Let f : X ^ Y be a surjective map such that either X and Y 
are metrizable or f is perfect. Then the following are equivalent: (i) / is weakly 
Milyutin; (ii) f is Milyutin; [Hi) f is strongly Milyutin. 

Proof. liX and Y are metrizable, this follows from Proposition 3.5 and Theorem 
3.6. In case / is perfect, we apply Propositions 3.4 and 3.5. □ 

A space Z is called a k^-space if every function on Z is continuous provided 
it is continuous on every compact subset of Z. 
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Theorem 3.8. The product f of any family {fa - Xa — > Y^^o. G A} of weakly 
Milyutin maps is also weakly Milyutin. If in addition, Y — YiV^a '■ o; G A} 

is a k^- space and for every a E A the closed and bounded subsets of are 
compact, then f is Milyutin provided each fa is Milyutin. 

Proof Let : — > P*{Xa) be a map associated with fa for each a. Then, by 
Proposition 3.4, is a Milyutin map and /9Tq,: f3Ya — > P{/3Xa) is associated 
with ,/?/„. So, ua-. C{(3Xa) ^ C{(3Ya), Ua{h){y) = f3Ta{y){h), y e f3Ya and 
h e C{f3Xa), is a regular averaging operator for f3fa. Let X = Yl{Xa '■ a G A}, 
X = Yl{(3Xa : a e A},Y = Ui^^c. : a G A} and / = Yl{f3fa : a e A}. 
According to [26], there exists a regular averaging operator u : C{X) C{Y) 
for / such that u{hopa) — Ua{h)oqa, a & A, h & C{l3Xa), where pa X (5Xa 
and qa :Y ^ PYa are the projections. This implies that, if T: Y ^ P{X) is the 
map associated to / and generated by u, we have s{T{y)) C Yli^ {"^aiQaiy))) '■ 
a G A}, y eY. Hence, s(T(y)) C f^^{y) for every y eY . So, T maps Y into 
the subspace H of P{X) consisting of all measures ^ G P{X) with s(yu) C X. 
Now, let tt: /3X ^ X be the natural map and P(7r) : P{I3X) P{X). Then, 
9 — P{'k)\P*{X): P*{X) H is & homeomorphism (for more general result 
see [9, Proposition 1]). Therefore, T = 0-^ o (f\Y): Y P*(X) is a map 
associated with /. Thus, / is weakly Milyutin. 

Suppose now that F is a /cR-space, /„ are Milyutin maps and the closed and 
bounded subsets of each Xa are compact. We already proved that there exists 
a regular averaging operator u: C*{X) — > C*{Y) for / and a corresponding to u 
map T:Y^ Pci^) associated with / such that s*{T{y)) C Ui^iTaiqaiy))) ■ 
a E A} C f~^{y) for every y E Y. Here, each Tq,: Fq, — > Pc{Xa) is a map 
associated with fa (recall that fa are Milyutin maps). For any h E C{X) 
and n > 1 define /i„ G C*{X) by hn{x) — h{x) if \h{x)\ < n, hn{x) = n if 
h{x) > n and hn{x) — ~n if h{x) < —n. Since for every y E Y the support 
s*{T{y)) C X is compact, h\s*(T{y)) = hn\s*(T{y)) with n > uq for some no. 
Hence, the formula v{h){y) = limu{hn){y), y E Y, defines a function on Y. 
Let us show that v{h) is continuous. Since y is a /cjR-space, it suffices to prove 
that v{h) is continuous on every compact set K G Y. Then each of the sets 
Ta{Ka) C Pc{Xa) is compact, where Ka = qa{K). By [35, Proposition 3.1], 
Za = U{s(/i) : G Ta{Ka)} is bounded in X^ and, hence compact (recall that 
all closed and bounded subsets of Xa are compact). Let Z be the closure in 
X of the set U{s*(/i) : ^ E T{K)}. Since Z C i\{Za : a E A}, Z \s also 
compact. So, there exists m such that h\Z — hn\Z for all n > m. This implies 
that v{h)\K = u{hm)\K. Hence, v{h) is continuous on K. Since for every 
y eY the support of T(y) is compact and each u{h){y), h E C*{X), depends 
on h\s*{T{y)), v. C{X) C{Y) is linear and the support of T'{y) E Pc{X) is 
contained in s*{T{y)) C f~\y), where T': Y P^iX) is defined by T'{y){h) = 
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v{h){y), h G C{X), y E Y. Moreover, it follows from the definition of v that 
it is regular and v{(f) o f) — cf) for every e C{Y). Therefore, v is a, regular 
averaging operator for / with compact supports □ 

Corollary 3.9. A product of perfect Milyutin maps is also Milyutin. 

Proof. Since any product of perfect maps is perfect, the proof follows from 
Corollary 3.7 and Theorem 3.8. □ 

Corollary 3.10. Let Y = YlV^a : a E A} be a product of metrizable spaces. 
Then there exists a 0- dimensional product X of metrizable spaces space and a 
0-invertible perfect Milyutin map f : X ^ Y. 

Proof. By [12, Theorem 1.2.1], for every a E A there exists a 0-dimensional 
metrizable space X„ and a perfect Milyutin map /„: Xa Y^. Then, by 
Corollary 3.9, / = HI/q : a G A} is a perfect Milyutin map from X = Yii^a '■ 
a E A\ onto Y . It is easily seen that / is 0-invertible because each f^ is 0- 
invertible (see Theorem 3.6). Moreover, since dimX^ = for each a, dimX = 
0. □ 

Recall that X is a p-paracompact space [2] if it admits a perfect map onto a 
metrizable space. 

Corollary 3.11. For every p-paracompact space Y there exists a 0-dimensional 
p-paracompact space Y and a perfect 0-invertible Milyutin map f:X^Y. 

Proof. Since Y is p-paracompact, it can be considered as a closed subset of 
M X I"^, where M is metrizable and r > b^o- There exist perfect Milyutin maps 
(j) : €. ^ I and g: Mq ^ M with (£ being the Cantor set [26] and Mq a 0- 
dimensional metrizable space. [12, Theorem 1.2.1]. Then the product map 
^ = g X (j)'^ : Mq X is a perfect 0-invertible Milyutin map (see Corollary 
3.10), and let T: M x F ^ Pc{Mq x (T) be a map associated with Define 
X = $"^(y) and / = ^\X. Since X is closed in Mq x C^, it is a 0-dimensional 
p-paracompact. Since $ is 0-invcrtiblc (as a product of 0-invertible maps, sec 
Theorem 3.6), so is /. To show that / is Milyutin, observe that X is C-embedded 
in Mq X e. So, Pc{X) is embedded in Pc{Mq x <C) such that T{y) e Pc{X) 
for all y e y. This means that T\Y is a map associated with /. Hence, / is 
Milyutin. □ 

Now, we provide a specific class of Milyutin maps. Suppose B <Z Z and 
g: B ^ D. We say that g is a Z -normal map provided for every h G C{D) 
the function hog can be continuously extended to a function on Z. A map 
f : X ^ Y is called 0-soft [10] if for any 0-dimensional space Z, any two 
subspaces Zq (Z Zi (Z Z, and any Z-normal maps go : Zq ^ X and gi: Zi ^ Y 
with fogQ — gi\ZQ, there exists a Z-normal map g: Zi ^ X such that fog — gi- 

Proposition 3.12. Every 0-soft map is Milyutin. 
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Proof. Let f : X ^ Y he 0-soft. Consider F as a C-embedded subset of M*-^*^^) 
and let (p: Z — > R'^^^) be a perfect Milyutin map with dim Z — (see Corollary 
3.10). Since Y is C-embedded in gi ~ (f\Zi : Zi ^ Y is a. Z- normal map, 

where Zi = ip~^{Y). Because / is 0-soft, there exists a Z-normal map g: Zi ^ 
X with f o g = gi. Now, for every h G C{X) choose an extension e{h) G C{Z) 
oi h o g (such e{h) exist since g is Z-normal). Define v: C{X) C{Y) by 
v{h) — u{e{h))\Y, where u: C{Z) — > C(R'^(^)) is a regular averaging operator 
for Lp having compact supports. The map v is linear because for every y & Y 
u{e{h)){y) depends on the restriction e(h)\ip^^ {y) . By the same reason v has 
compact supports. Moreover, w is a regular averaging operator for /. Hence, / 
is Milyutin. □ 

4. AE(0)-SPACES AND REGULAR EXTENSION OPERATORS WITH COMPACT 

SUPPORTS 

Let X be a subspacc of Y . A linear operator u : C{X, E) — * C{Y, E) is said 
to be an extension o]?erator provided each m(/), / G C^X^^E) is an extension 
of /. One can show that such an extension operator u is regular and has 
compact supports if and only if there exists a map T -.Y ^ Pc{X, E) such that 
T{x) = Sx for every x E X. Sometimes a map T: Y ^ PciX, E) satisfying the 
last condition will be called a Pc-valued retraction. The connection between u 
and T is given by the formula T{y){f) = u{f){y), f G C{X, E),yeY. 

Pelczynski [26] introduced the class of Dugundji spaces: a compactum X 
is a Dugundji space if for every embedding of X in another compact space Y 
there exists an extension regular operator u: C{X) — ^ C'(y) (note that u has 
compact supports because X is compact). Later Haydon [19] proved that a 
compact space X is a Dugundji space if and only if it is an absolute extensor 
for 0-dimcnsional compact spaces (br., X G AE{0)). The notion of X G AE(0) 
was extended by Chigogidze [10] in the class of all TychonofF spaces as follows: 
a space X is an AE{0) if for every 0-dimensional space Z and its subspace 
Zq G Z, every Z-normal map g: Zq ^ X can be extended to the whole of Z. 

We show that an analogue of Haydon's result remains true and for the ex- 
tended class of A£^(0)-spaces. 

Theorem 4.1. For any space X the following conditions are equivalent: 

(i) X is an AE{0)-space; 

(ii) For every C -embedding of X in a space Y there exists a regular extension 
operator u : C (X) — * C (Y) with compact supports; 

(iii) For every C -embedding of X in a space Y there exists a regular extension 
operator u: C*{X) — > C*{Y) with compact supports. 

Proof, (i) =^ (ii) Suppose X is C-embedded in Y and take a set A such that 
Y is C-embedded in R"^. It suffices to show there exists a regular extension 
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operator u: C{X) — ^ (7(1^"^) with compact supports, or equivalently, we can 
find a map T: ^ Pc(X) with T(x) = 5^ for all x E X. By Corollary 3.10, 
there exists a 0-dimensional space Z and a Milyutin map f: Z -^R^. This 
means that the map g: Pc{Z) associated with / is an embedding. Since 

X is C-embedded in M.^, the restriction /|/~^(X) is a Z-normal map. So, there 
exists a map q: Z ^ X extending f\f~\X) (recall that X e AE{0)). Then 
T = Pc{q) o g-.M.^ ^ Pc{X) has the required property that T{x) = 5^ for all 
xeX. 

[ii) =^ [Hi) Let X be C-embedded in Y and u: C{X) — > C{Y) a regular 
extension operator with compact supports. Then u{f) G C*{Y) for all / e 
C*{X) because u is regular. Hence, u\C*{X): C*{X) C*{Y) is a regular 
extension operator with compact supports. 

{iii) =^ (i) Suppose X is C-embcddcd in for some A and u: C*{X) 
C*(M^) is a regular extension operator with compact supports. So, there exists 
a map T: ^ Pc{X) with T{x) = 5^, x e X. Assume that A is the set of all 
ordinals {A : A < a;(r)}, where a;(r) is the first ordinal of cardinality r. 

For any sets B G D G A we use the following notations: vr^: R'^ R^ 
and vr^: R^ — > R^ are the natural projections, X{B) = TTBiX), ps = ttb\^ 
and pj^ = nj^\X{D). A set S C A is called T-admissible if for any x E X and 
y e R^ the equality TTsix) = 7rB(y) implies P*(pb){S^) = P*{pB){T{y)). Let us 
note that if S is T-admissible, then there exists a map 

(4) Tb : R^ ^ P*{X{B)) such that Tb{z) = 5^ for all z e 

Indeed, take an embedding i : R^ — > R"^ such that ttb o i is the identity on R^^, 
and define Tg = Pc{pb) oToi. 

Claim 3. For every countable set B G A there exists a countable T-admissible 

set D G A containing B 

We construct by induction an increasing sequence {D{n)}n>i of countable 
subsets of A such that D G D{1) and for all n > 1, a; G X and y G R^ we have 

(5) P*{pD{n)){5x) = P*{pD{n)){T{y)) provided 7rD(„+i)(a;) = 7rD(n+i)(y). 

Suppose we have already constructed D{1), ..,D{n). Since D{n) is countable, 
the topological weight of X{D{n)) is Kq. So is the weight of P*{X{D{n))) [9]. 
Then the map P*{pD{n)) o T: RA P*{X{D{n))) depends on countable many 
coordinates (see, for example [27]). This means that there exists a countable 
set D{n + 1) satisfying (5). We can assume that D{n -\- 1) contains -D(n), 
which completes the induction. Obviously, the set D = IJn>i -^(^) is countable. 
Let us show it is T-admissiblc. Suppose tid{x) = T^oiy) for some x E X and 
y G R"^. Hence, for every n > 1 we have ■nD{n+i){x) = nD(^n^i){y) and, by (5), 
PciPD{n)){Sx) = Pc{PD{n)){T{y))- This meaus that the support of each measure 
P*{pD{n)){T{y)) is the point PD(n){x). The last relation implies that the support 
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ofP*{pD){T{y)) is the point pd{x). Therefore, P:{pD){T{y)) = P:{pd){5^) and 
D is T-admissible. 

Claim 4. Any union of T -admissible sets is T -admissible. 

Suppose B is the union of T-admissible sets B{s), s E S, and TTsix) — TTsiy) 
with X E X and y G M^. Then 7rB{s){x) = T^B(s){y) for every s E S. Hence, 
P*{pB(s)){T{y)) = P:{pBis)){S,), s E S. So, the support of each P:{pB^,)){T{y)) 
is the point PBis)){x)- Consequently, the support of P*{pB){T{y)) is the point 
Pb{x) because Pb{x) = f]{{PB{s)) ^{Pb{s){x)) : s E S}. This means that B is 
T-admissible. 

Claim 5. Let B <Z A be T-admissible. Then we have: 

(a) X{B) is a closed subset ofW^ ; 

(b) PBiV) is functionally open in X{B) for any functionally open subset V 
ofX. 

Since B is T-admissible, according to (4) there exists a map Tg : 
P*{X{B)) such that Tb{z) = for all z E X{B). To prove condition (a), 
suppose {za : a e A} is a net in X{B) converging to some z E M^. Then 
{TB{za)} converges to Tb{z). But Tb(2;«) = 6^^ E i*x^g^{X{B)) for every a 
and, since is a closed subset of P*{X{B)) (see Proposition 2.3(i)), 

Tb{z) E i^(-^-)(X(i?)). Hence, Tb{z) = 6y for some y E X{B). Using that i*x(^B) 
embeds X{B) in P*{X{B)), we obtain that {za} converges to y, so y = z E 
X{B). 

To prove (6), let y be a functionally open subset of X and g: X — > [0, 1] 
a continuous function with V = 5'~-^((0, 1]). Then u{g) E C*(]R'^) with < 
u{g){y) < 1 for all y E and let W = u{g)-^{{0, 1]). Since 71b{W) is func- 
tionally open in (see, for example [34]), t[b{W) r\X{B) is functionally open 
in X{B). So, it suffices to show that Pb{V) = TiBiW) fl X{B). Because u{g) 
extends g, we have V CW. So, Pb{V) C 7rB{W)r\X{B). To prove the other in- 
clusion, let z E TTsiW) r\X{B). Choose x E X and y E W with 7Cb{x) = T^siv)- 
Then P*{pB){T{y)) = P*{pb){5x) = (recall that B is T-admissible). Hence, 
s*{T{y)) C Pb\z). Since y eW, T{y){g) = u{g){y) E (0, 1]. This implies that 
s*{T{y)) nV ^0 (otherwise T{y){g) = because g{X - F) = 0, see Proposi- 
tion 2.1(ii)). Therefore, z E Pb{V), i.e. t:b{W) n X{B) C Pb{V). The proof of 
Claim 5 is completed. 

Let us continue the proof of {Hi) =^ (i). Since A is the set of all ordinals 
A < cj(r), according to Claim 3, for every A there exists a countable T-admissible 
set B{X) C A containing A. Let A{\) = [J{B{ri) : r/ < A} if A is a limit ordinal, 
and A{X) — \j{B{r]) : rj < X} otherwise. By Claim 4, every A{X) is T-admissible. 
We are going to use the following simphfied notations: 

X^ = ^(^(A)), px = Pa{\) -.X^Xx and pi: Xr] ^ Xx provided A < 77. 
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Since A is tiie union of all A(\) and each Xx is closed in M^^-^^ (see Claim 5(a)), 
we obtain a continuous inverse system S — {Xx,Px, X < rj < u!{t)} whose limit 
space is X. Recall that ^S" is continuous if for every limit ordinal 7 the space X^ 
is the limit of the inverse system {Xx,p^x, X < f] < 7}. Because of the continuity 
oi S, X E AE(0) provided Xi e AE{Q) and each short projection pj^"*"^ is 0-soft. 
The space Xi being a closed subset of M^^-*^) is a Polish space, so an AE(0) [10]. 
Hence, it remains to show that all p^"^^ are 0-soft. 

We fix A < uj(r) and let E{X) = A{X) n (5(A) U B{X + 1)). Since E{X) is 
countable, there exists a sequence {Pn} C. A{X) such that /9n < A for each n 
and ^(A) C C(A) C A(A), where C(A) = U{B{(3n) : n> 1}. By Claim 4, the 
sets C(A) and ^(A) = B{X) U B{X + 1) U C(A) are countable and T-admissible. 
Consider the following diagram: 

-'^A+l ^ Xx 



A(A) 
PC{X) 



D(\) 

X{D{X)) ^(C(A)) 
We are going to prove first that the diagram is a cartesian square. This 
means that the map g: Xx+i Z, g{x) = (^p^^^^^\x),p'^'^^{x)) , is a home- 

omorphism. Here Z = {{xi,X2) G X{D{X)) x Xx : Pclxli-'^^) ~ Pc{\)(^^)} 
the fibered product of X{D{X)) and Xx with respect to the maps P^j^j and 
p^\^y Let z = {x{l),x{2)) G Z. Since {D{X) - C(A)) n {A{X) - C{X)) = 
and A{X + 1) = {D{X) - C{X)) U {A{X) - C(A)) U C(A), there exists ex- 
actly one point x G M'^^'*'"*"^^ such that 7r^(A)'^'* (^) = ^(1) and '^'^^(x)'^\x) = 
x(2). Choose y G M.^ with TTA{x+i){y) = Since DiX) and A(A) are T- 
admissible, P*{pD{x))iT{y)) = and P*{pA{x)){T{y)) = 5^(2). Consequently 

p^l^l^"* (if) = x(l) and p^|^^^''(if) = x{2), where H is the support of the mea- 
sure P*{pA{x+i)){T{y)). Hence, H — {x} is the unique point of Xx+i with 
g{x) — z. Thus, g is a surjective and one-to-one map between Xx+i and Z. 
To prove g is a homeomorphism, it remains to show that g^^ is continuous. 
The above arguments yield that x = g~^{z) depends continuously from z E Z. 
Indeed, since -D(A) fl A{X) = C(A), we have 

x{l) = (a, 6) G M^W-^W X M^W and x(2) = (6, c) G M^(^) x M^(a)-C(a)^ 

where z = {x{l),x{2)) G Z. Hence, g~^{z) = {a,b,c) is a continuous function 
of 2;. 

Since -D(A) and C(A) are countable and T-admissible sets, both X{D{X)) 
and X{C{X)) are Pohsh spaces and Pclx) functionally open (see Claim 5(b)). 
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Hence, Pc\\) is 0-soft [10]. This yields that p^^ is also 0-soft because the above 
diagram is a cartesian square. □ 

Next proposition provides a characterization of 74£^(0)-spaces in terms of ex- 
tension of vector- valued functions. This result was inspired by [7] . 

Theorem 4.2. A space X e AE{0) if and only if for any complete locally 
convex space E and any C -embedding of X in a space Y there exists a regular 
extension operator : C* {X, E) — > C* (Y, E) with compact supports. 

Proof. Suppose X e AE{Qi) and X is C-embedded in a space Y. Then by The- 
orem 4.1(iii), there exists a regular extension operator v: C*{X) C*{Y) with 
compact supports. This is equivalent to the existence of a P^T-valued retraction 
T : Y ^ P*{X). We can extend each / G C*{X^E) to a continuous bounded 
map e(/) : Pc{X) — E. Indeed, let B{f) = conv f{X) and consider the map 
Pcif) '■ Pci^) Pc{B{f)). Obviously, B{f) is a bounded convex closed subset 
E, so it is complete. Then, by [5, Theorem 3.4 and Proposition 3.10], there exists 
a continuous map 6: P*{B{f )) B{f) assigning to each measure u G P*{B{f )) 
its barycenter hiv). The composition e(/) = bo P*(f): P*{X) — >• B{f) is a 
bounded continuous extension of /. We also have 

(6) e{f){fi) = J^fdf, for eveTj fie P:{X). 

Finally, we define u: C*{X,E) C*{Y,E) by u{f) = e(/) o T, / G C*{X,E). 
The linearity of u follows from (6). Moreover, for every y E Y the linear 
map A(y) : C*{X,E) E, A(?/)(/) = u{f){y), is regular because A{y){f) G 
conv f{X). Using the arguments from the proof of Proposition 3.1 (the final 
part), we can show that each A(y), y e Y, has a compact support which is 
contained in K{y) = s*{T{y)) C X. Therefore, m is a regular extension operator 
with compact supports. 

The other implication follows from Theorem 4.1. Indeed, since R is complete, 
there exists a regular extension operator u: C*{X) — > C*{Y) provided X is 
C-embedded in Y. Hence, by Theorem 4.1(iii), X G AE{0). □ 

Recall that a space X is an absolute retract [10] if for every C-embedding of 
X in a space Y there exists a retraction from Y onto X. 

Corollary 4.3. Let X be a convex bounded and complete subset of a locally 
convex topological space. Then X is an absolute retract provided X G AE{0) . 

Proof. Suppose X is C-embedded in a space Y. According to [5, Theorem 3.4 
and Proposition 3.10], the barycenter of each /j G Pc{X) belongs to X and the 
map b: Pc{X) X is continuous. Since X G AE{0), by Theorem 4.1, there 
exists a Pc- valued retraction T: Y — > Pc{X). Then r = boT: Y^Xisa, 
retraction. □ 
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Lemma 4.4. Let X cY and u: C{X) — >• C{Y) be a regular extension operator 
with compact supports. Suppose every closed bounded subset of X is compact. 

Then there exists a map T^: Pc(Y) Pc{X) {resp., T* : P*{Y) 

such that Pcii) o Tc {resp., Pc{i) o T*) is a retraction, where i: X ^ Y is the 

embedding of X into Y. 

Proof For every e Pc{Y) define T,{ii): C{X) ^ M by T,{ii){f) = ii{u{f)), 
f e C{X). Obviously, each T'c(/x) is linear. Let us show that Tc(/i) e Pc{X) 
for all ji e Pc{Y)- Since u has compact supports, the map T:Y-^ Pc{X) 
generated by u is continuous. Hence, T(^s{ii)) is a compact subset of PdX) 
(recall that s{fi) C F is compact). Then by [2] (see also [35, Proposition 3.1]), 
H{ij,) = U{s(T(|/)) : y G s{iJ,)} is closed and bounded in X, and hence compact. 
Let us show that the support of Tc{fi) is compact. That will be done if we 
prove that s(Tc(/i)) C H{fi). To this end, let f{H{fi)) = for some / G C{X). 
Consequently, T{y){f) = for all y G s{fi). So, ■u(/)(s(/i)) = 0. The last 
equality means that Tc{fi){f) = 0. Hence, each Tc(/i) has a compact support 
and Tc is a map from Pc{Y) to Pc{X). It is easily seen that Pc{i) (Tc{ij,)) = n 
for all fjL G Pc{i)[Pc{X)y Therefore, Pc{i) o is a retraction from Pc{Y) onto 

Pe(i)(Pc(^)). 

Now, we consider the linear operators T*{u): C*{X) M, T*{v){h) = 
z/(m(/i)) with u G P*{Y) and h G C*{X). Observed that u{h) G C*(Y) for 
h G C*{X) because u is a regular operator, so the above definition is correct. 
To show that T* is a map from P*{Y) to P*{X), for every u G P*{Y) take the 
unique fi G Pc{Y) with jy(/x) = i'. Then s{/j) = s*(z/) according to Proposition 
2.1. Hence, T*{v){h) = provided h G C*{X) with /i|s(Te(/i)) = 0. So, the 
support of TJ'(i/) is contained in s(Tc(/x)). This means that T* maps -Pc (^) i^^o 
P*{X). Moreover, one can show that P*{i) o T* is a retraction. □ 

Ditor and Haydon [14] proved that if X is a compact space, then P{X) is 
an absolute retract if and only if X is a Dugundji space of weight < i^i. A 
similar result concerning the space of all cr-additive probability measures was 
established by Banakh-Chigogidze-Fedorchuk [6]. Next theorem shows that the 
same is true when Pc{X) or P*{X) is an AR. 

Theorem 4.5. For a space X the following are equivalent: 

(i) PciX) {resp., P*{X)) is an absolute retract; 
(11) Pc{X) {resp., P*{X)) is an AE{Q); 
(iii) X is a Dugundji space of weight < b^i. 

Proof, (i) => This Implication Is trivial because every AR is an ^£^(0). 

{ii) =^ {Hi) It suffices to show that X is compact. Indeed, then both Pc{X) 
and P*{X) are AE{0) and coincide with P{X). So, by Corollary 4.3, P{X) is 
an AR. Applying the mentioned above result of Ditor-Haydon, we obtain that 
X is a Dugundji space of weight < b^i. 
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Suppose X is not compact. Since Pc{X) (resp., P*{X)) is an y4ii^(0)-space, 
it is realcompact. Hence, so is X as a closed subset of Pc{X) (resp., P*{X)). 
Consequently, X is not pscudocompact (otherwise it would be compact), and 
there exists a closed C-embedded subset Y ol X homeomorphic to N (see the 
proof of Proposition 2.6). Since Y is an Ai?(0), according to Theorem 4.1, there 
exists a regular extension operator u: C{Y) C{X) with compact supports. 
Then, by Lemma 4.4, PciX) (resp., P*{Y)) is homeomorphic to a retract of 
Pc{X) (resp., P*{X)). Hence, one of the spaces P^{Y) and P*{Y) is an AE{Q) 
(as a retract of an A£'(0)-space). Suppose P*{Y) e ^£"(0). Since P*{Y) is 
second countable, this implies Pc^X) is Cech-complete. Hence, by Proposition 
2.6, Y is pseudo compact, a contradiction. If Pc(Y) e AE{Qi), then PciY) is 
metrizable according to a result of Chigogidze [10] stating that every AE[Q)- 
space whose points are G^-sets is metrizable (the points of PciX) are Gs because 
jy'- PcX) ~^ PcX) is an one-to-one surjection and PcX) metrizable). But 
by Proposition 2.5(ii), PciX) is metrizable only if Y is compact and metrizable. 
So, we have again a contradiction. 

{iii) =^ (i) This implication follows from the stated above result of Ditor and 
Haydon [14]. □ 

5. Properties preserved by Milyutin maps 

In this section we show that some topological properties are preserved under 
Milyutin maps. Let ^ he a family of closed subsets of X. We say that X is 
collectionwise normal with respect to if for every discrete family {F^ : a G 
A} (Z ^ there exists a discrete family {Va '■ a & A} of open in X sets with 
Fa C Va for each a & A. When X is collectionwise normal with respect to the 
family of all closed subsets, it is called collectionwise normal. 

Theorem 5.1. Every weakly Milyutin map preserves paracompactness and col- 
lectionwise normality. 

Proof. Let /: X F be a weakly Milyutin map and u: C*{X) — »■ C*(F) a 
regular averaging operator for / with compact supports. 

Suppose X is collectionwise normal, and let {Fa : a E A} he a, discrete 
family of closed sets in Y. Then {f~^{Fa) : a G A} is a discrete collection 
of closed sets in X. So, there exists a discrete family {Va '. a G A} of open 
sets in X with f-\Fa) C Va, a e A. Let Vq = X - U{f-\Fa) : a e A} 
and 7 = {Va : a E A} (J {Vq}. Since 7 is a locally finite open cover of X 
and X is normal (as collectionwise normal), there exists a partition of unity 
C = {ha '■ G A} U {ho} on X subordinated to 7 such that ha{f~^{Fa)) = 1 
for every a. Observe that ha{i){x) + ha{2){x) < 1 for any a{l) ^ a{2) and 
any x E X. So, u{ha{i)){y) + u{ha{2)){y) < 1 for all y E Y . This yields 
that {it(/iQ)~^((l/2, 1]) : a E A} is a disjoint open family in Y. Moreover, 
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Fa C u{ha) ^((1/2, 1]) for every a. Therefore, Y is coUectionwise normal (see 
[16, Theorem 5.1.17]). 

Let X be paracompact and uj an open cover of Y. So, there exists a locally 
finite open cover 7 of X which an index-refinement of f^^{uj). Let ,^ be a 
partition of unity on X subordinated to 7. It is easily seen that m(^) is a partition 
of unity on Y subordinated to cu. Hence, by [24], Y is paracompact. □ 

Corollary 5.2. Let f : X —>■ Y be a weakly Milyutin map and X a {completely) 
metrizable space. ThenY is also {completely) metrizable. 

Proof. Let T: F ^ Pci^) be a map associated with /. Then = $5^ oT: F ^ 
X is a Isc compact-valued map (see Lemma 3.3 for the map ^*x) such that 
(j){y) C f~^{y) for every y eY. Since Y is paracompact (by Theorem 4.1), we 
can apply Michael's selection theorem [25] to find an upper semi-continuous (br., 
use) compact-valued selection i/j: Y ^ X for (recall that ip is use provided 
the set {y E Y : ■ilj{y) n F ^ 0} is closed in Y for every closed F C X). Then 
f\Xi : Xi — > y is a perfect surjection, where Xi = Li{^p{y) : y G Y}. Hence, Y 
is metrizable as a perfect image of a metrizable space. 

If X is completely metrizable, then so is Y. Indeed, by [1, Theorem 1.2], 
there exists a closed subset Xq G X such that f\Xo : Xq — X is an open 
surjection. Then Y is complete (as a metric space being an open image of a 
complete metric space). □ 

Proposition 5.3. Let f : X ^ Y be a weakly Milyutin map with X being a 
product of metrizable spaces. Then we have: 

(i) The closure of any family ofGs-sets in X is a zero-set in X; 

(ii) X is coUectionwise normal with respect to the family of all closed Gs-sets 
in X . 

Proof. Let X = n{^7 ■ 7 ^ T}, where each X^ is metrizable. Suppose 
u: C*{X) C*{Y) is a regular averaging operator for / with compact sup- 
ports. 

(i) Let G be a union of G^-sets in Y. Then so is f~^{G) in X and, by [22, 
Corollary], there exists h e C*{X) with h-\0) = f-^{G). Since h{T{y)) = 
for each y & G, u{h){G) = 0. On the other hand, mi{h{x) : x G T{y)} > for 
y ^ G. Hence, u{h){y) > for any y ^ G. Consequently, u{h)~^{0) = G. 

(ii) Let {Fa : a E A} he a. discrete family of closed G^-sets in Y. Then so 
is the family {Ha = f^^{Fa) : a E A} in X. Moreover, by (i), each Fa is a 
zero-set in Y, hence Ha is a zero-set in X. 

We can assume that F is uncountable (otherwise X is metrizable and the 
proof follows from Theorem 5.1). Consider the S-product S(a) of all X^ with 
a base-point a E X. Since S(a) is G^-dense in X (i.e., every G^-subset of X 
meets S(a)), E(a) is G-embedded in X [32] and 
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(7) Ha = Ha n S(a) for any a. 

Because E(a) is coUectionwise normal [18], there exists a discrete family {Wa '■ 
a e A} of open subsets of E(a) such that Ha n E(a) C Wa, a & A. Let Wq = 
S(a) — U{i/„ n S(a) : a G A}. Choose a partition of unity {ha : a G A} U {/io} 
in S(a) subordinated to the locally finite cover {Wa '■ ol G A\ U {W'o} of S(a) 
such that ha{Ha n E(a)) = 1 for each a. Since S(a) is C-embcddcd in X, 
each /iq can be extended to a function on X. Because of (7), ga{Ha) = 1, 
a & A. The density of S(a) in X implies that ga{i){x) + ga{2)ix) < 1 for any 
a(l) 7^ q;(2) and any x G X. As in the proof of Theorem 5.1, this implies that 
Fa C Ua = u{ga)~^ {{1/2, 1]) and the family {Ua : a E A} is disjoint. Then, as 
in the proof of [16, Theorem 5.1.17], there exists a discrete family {Va : a E A} 
of open subsets of Y with Fa C Va, a E A. □ 

A space X is called k-metrizable [29] if there exists a k-metric on X, i.e., 
a non-negative real- valued function d on X x TZC{X), where TIC{X) denotes 
the family of all regularly closed subset of X (i.e., closed sets F C X with 
F = intx{F)) satisfying the following conditions: 

(Kl) d{x, F) = iff a; G F for every a; G X and F G 7^C(X); 
(K2) Fi C F2 implies d{x, F2) < d{x, Fi) for every x E X; 
(K3) d{x, F) is continuous with respect to x for every F E 71C{X); 
(K4) d[x, L}{Fa : a E A}) — 'mi{d{x, Fa) : a E A} for every x E X and every 
increasing linearly ordered by inclusion family {Fa}a€A C TZC{X). 

If /C(X) is a family of closed subsets of X, then a function d: X x /C(X) — > TZ 
satisfying conditions (Kl) — {K3) with TZC{X) replaced by /C(X) is called a 
monotone continuous annihilator oi the family /C(X) [15]. When /C(X) consists 
of all zero sets in X, then any monotone continuous annihilator is said to be a 
5 -metric on X [15]. The well known notion of stratifiability [8] can be express 
as follows: X is stratifiable iff there exists a monotone continuous annihilator 
on X for the family of all closed subsets of X. 

A space X is perfectly fc-normal [30] provided every F E 71C{X) is a zero-set 
in X. 

Theorem 5.4. Every weakly Milyutin map f : X ^ Y preserves the follow- 
ing properties: stratifiability, 5-metrizability, and perfectly k -normality. If, in 
addition, clx{f~^{U)) — /~^(cZy(C/)) for every open U <ZY, then f preserves 
k-metrizability. 

Proof. We consider only the case / satisfies the additional condition which is 
denoted by (s) (the proof of the other cases is similar). Let u : C*(X) C*(Y) 
be a regular averaging operator for / having compact supports, and d{x, F) 
be a A;-metric on X. We may assume that d{x, F) < 1 for any x E X and 
F E 7^C(X), see [29]. Let Fq = clx{f^\intY{G))) for each G E nC{Y), 
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and define hcix) = d{x,FG)- Consider tlie function p : Y x 71C{Y) — M, 
G) — u{hG){y)- We are going to check that p is a A;-metric on Y. 

Suppose G(1),G(2) e 7^C(F) and G(l) C G{2). Then Fq^i) C Fg(2), so 
^G(2) < /iG(i)- Consequently, p{y,G{2)) < p{y,G{l)) for any y E Y. On 
the other hand, obviously, p{y, G) is continuous with respect to y for every 
G e TZCiY). Hence, p satisfies conditions {K2) and {K?,). 

Suppose G G nC{Y). Then s*{T{y)) C /"^(y) C for every y e mty(G), 
where T: F ^ P^*(X) is the associated map to / generated by u. Consequently, 
^g|s*(T(i/)) = which implies u{hG){y) = 0, y E intyiG). On the other hand, 
if y ^ G, then s*{T{y)) n Fq = and hcix) > for all x e s*{T{y)). Since 
u{hG){y) > inf{/iG(x) : x G s*(T{y)^} (recall that u is an averaging operator 
for /), u{hG){y) > 0. Hence, u{hG){y) — p{y,G) = iff y G G, so p satisfies 
condition {Kl). 

To check condition (i^4), suppose {G{a) : a E A} C. TZCiY) is an increasing 
linearly ordered by inclusion family and G = c/y( U {G{q.) : a E A}). Using 
that / satisfies condition (s), we have Fq — clx{ U {-FG(a) '■ E A}). Since 
{FG(a) '■ a E A} is also increasing and linearly ordered by inclusion, according to 
condition {K4), hcix) = ini{hG(a){x) : a E A} for every x E X. Let y EY and 
e > 0. Then for every x E X there exists E A such that hG{ax){x) < hG{x)+e. 
Choose a neighborhood V{x) of a; in X such that hG{ax){^) < hG^z) + e for all 
z E V{x). Since s*(T(|/)) is compact, it can be covered by finitely many V{x{i)), 
i — 1-1 with x{i) E s*(T{y)y Let (3 — max{ci;a.(j) : i < n}. Then hG(i3){x) < 
hG{x) + € for all x E s* {T{y)) . The last equality yields p{y, G{(3)) < p{y, G) + e 
because u{hG{f3)){y) and u{hG){y) depend only on the restrictions hG(f3)\s* (T{y)^ 
and hG\s*(T{y)), respectively. Thus, mi{p(y,G{a)) : a E A} < p{y,G). The 
inequality p{y, G) < inf{p(|/, G{a)) : a E A} is obvious because G contains each 
G{a), so p satisfies condition (KA). Therefore, Y is /c-metrizable. □ 

Next corollary provides a positive answer to a question of Shchepin [31]. 

Corollary 5.5. Every AE{0)-space is k-metrizable. 

Proof. Let X be an A£'(0)-space of weight r. By [10, Theorem 4], there exists 
a surjective 0-soft map f:W^X. Since G AE{0) (as a product of AE{0)- 
space) and every 0-soft map between Aii^(0)-spaces is functionally open [10, 
Theorem 1.15], / satisfies condition (s) from the previous theorem. On the 
other hand, N'^ is fc-metrizable as a product of metrizable spaces [29, Theorem 
15]. Hence, the proof follows from Proposition 3.12 and Theorem 5.4. □ 
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